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The statistically unbounded τ-convergence on locally solid
Riesz spaces
Abdullah AYDIN
Abstract. A sequence (xn) in a locally solid Riesz space (E, τ)
is said to be statistically unbounded τ -convergent to x ∈ E if, for
every zero neighborhood U , 1
n
∣
∣{k ≤ n : |xk − x| ∧ u /∈ U}
∣
∣→ 0 as
n→∞. In this paper, we introduce this concept and give the no-
tions st-uτ -closed subset, st-uτ -Cauchy sequence, st-uτ -continuous
and st-uτ -complete locally solid vector lattice. Also, we give some
relations between the order convergence and the st-uτ -convergence.
1. Preliminary and Introductory Facts
Vector lattices and the statistical convergence are natural and effi-
cient tools in the theory of functional analysis. A vector lattice is an
ordered vector space that has many applications in measure theory, op-
erator theory and applications in economics; see for example [1, 2, 12],
it was introduced by F. Riesz [11]. On the other hand, the statistical
convergence is a generalization of the ordinary convergence of a real
sequence; see for example [9]. Studies related to this paper are done
by Maddox [8] where the statistical convergence was introduced in a
topological vector space and by Albayrak and Pehlivan [3] in which
the statistical convergence was introduced on locally solid vector lat-
tice. Otherwise, the unbounded order convergence was defined for order
complete Riesz spaces by H. Nakano [10]. Recently, some papers have
been studied on the unbounded convergence on vector lattices (see, for
example [4-7]). However, as far as we know, the concept of unbounded
order convergence related to the statistical convergence has not been
done before. In this paper, we aim to introduce this concept on locally
solid vector lattice.
Now, let give some basic notations and terminologies that will be
used in this paper. Every linear topology τ on a vector space E has a
base N for the zero neighborhoods satisfying the following four prop-
erties; for each V ∈ N , we have λV ⊆ V for all scalar |λ| ≤ 1; for any
V1, V2 ∈ N there is another V ∈ N such that V ⊆ V1 ∩ V2; for each
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2V ∈ N there exists another U ∈ N with U + U ⊆ V ; for any scalar
λ and each V ∈ N , the set λV is also in N ; for much more detail
see [1, 2]. In this article, unless otherwise, when we mention a zero
neighborhood, it means that it always belongs to a base that holds the
above properties. Let E be a real-valued vector space. If there is an or-
der relation ”≤” on E, i.e., it is antisymmetric, reflexive and transitive,
then E is called ordered vector space whenever the following conditions
hold: for every x, y ∈ E such that x ≤ y, we have x + z ≤ y + z and
αx ≤ αy for all z ∈ E and α ∈ R+. An ordered vector space E is called
Riesz space or vector lattice if, for any two vectors x, y ∈ E, the infi-
mum x∧y = inf{x, y} and the supremum x∨y = sup{x, y} exist in E.
Let E be a vector lattice. Then, for any x ∈ E, the positive part of x is
x+ := x∨0, the negative part of x is x− := (−x)∨0 and absolute value
of x is |x| := x ∨ (−x). Moreover, any two elements x, y in a vector
lattice is called disjoint whenever |x| ∧ |y| = 0. An operator T between
two vector lattice E and F is said to be a lattice homomorphism or
Riesz homomorphism whenever T (x ∨ y) = T (x) ∨ T (y) holds for all
x, y ∈ E. A vector lattice is called order complete if every nonempty
bounded above subset has a supremum (or, equivalently, whenever ev-
ery nonempty bounded below subset has an infimum). A vector lattice
is order complete iff 0 ≤ xn ↑≤ x implies the existence of sup xn; for
much more detail information, see [1, 2, 11, 12].
Recall that a subset A of a vector lattice E is called solid if, for each
x ∈ A and y ∈ E, |y| ≤ |x| implies y ∈ A. A solid vector subspace of a
vector lattice is referred to as an ideal. An order closed ideal is called
a band. Let E be vector lattice E and τ be a linear topology on it.
Then (E, τ) is said a locally solid vector lattice (or, locally solid Riesz
space) if τ has a base which consists of solid sets; for more details on
these notions, see [1, 2, 6, 12]. Recall that a net (xα)α∈A in a vector
lattice X is order convergent to x ∈ X , if there exists another net
(yβ)β∈B satisfying yβ ↓ 0, and any β ∈ B, there exists αβ ∈ A such
that |xα − x| ≤ yβ for all α ≥ αβ. In this case, we write xα
0
−→ x. In a
vector lattice X , a net (xα) is unbounded order convergent to x ∈ X
if |xα − x| ∧ u
o
−→ 0 for every u ∈ X+; see for example [4, 10]. Also,
these notions can be written for sequence. A vector lattice E is called
Archimedean whenever 1
n
x ↓ 0 holds in E for each x ∈ E+. In this
article, unless otherwise, all vector lattices are assumed to be real and
Archimedean.
Consider a subset K of the set N of all natural numbers. Let’s define
a new set Kn = {k ∈ K : k ≤ n}. Then we denote |Kn| for the
cardinality of that the set Kn. If the limit of µ(K) = lim
n→∞
|Kn|/n exists
3then µ(K) is called the asymptotic density of the set K. Let X be a
topological space and (xn) be a sequence in X . Then (xn) is said to
be statistically convergent to x ∈ X whenever, for each neighborhood
U of x, we have µ
(
{n ∈ N : xn /∈ U}
)
= 0; see for example [3, 8, 9].
Similarly, a sequence (xn) in a locally solid Riesz space (E, τ) is said to
be statistically τ -convergent to x ∈ E if it is provided that, for every τ -
neighborhood U of zero, lim
n→∞
1
n
∣
∣{k ≤ n : (xk − x) /∈ U}
∣
∣ = 0 holds; see
[3]. Motivated by the above definitions, we give the following notion.
Definition 1.1. Let (E, τ) be a locally solid vector lattice and (xn) be
a sequence in E. Then (xn) is said to be statistically unbounded τ -
convergent to x ∈ E if, for every zero neighborhood U ∈ N , it satisfies
the following limit
lim
n→∞
1
n
∣∣{k ≤ n : |xk − x| ∧ u /∈ U}
∣∣ = 0 (1)
for all u ∈ E+. We abbreviate this convergence as xα
st−uτ−−−→ x, or
shortly, we say that (xn) st-uτ -converges to x.
Let’s take Kn = {k ≤ n : |xk − x| ∧ u /∈ U} for arbitrary zero
neighborhood U in any locally solid vector lattice E. Then (xn) is
statistically unbounded τ -convergent to x ∈ E whenever µ(Kn) = 0 in
(1) for every u ∈ E+. In this paper, we use the following fact without
giving the reference, and so we shall keep in mind it.
Remark 1.2. Let (E, τ) be a locally solid Riesz space and U be a zero
neighborhood. If y ≤ x for any x, y ∈ E then we have that y /∈ U
implies x /∈ U . Indeed, assume y /∈ U and x ∈ U . Then we have y ∈ U
because U is solid and y ≤ x. So, we have a contradict, and so we get
x /∈ U .
Example 1.3. Let’s consider the locally solid Riesz space (c0, ‖·‖) the
set of null sequences with the supremum norm ‖·‖on c0. Consider the
sequence (en) of the standard unit vectors in c0. Then the base N
consists of the zero neighborhoods Ur = {x ∈ c0 : ‖x‖ < r}, where r
is a positive real number. Thus, we get that en
st−uτ−−−→ 0 in c0. Indeed,
for arbitrary zero neighborhood U , there exist some Ur in N such that
Ur ⊆ U , and also, Kn = {n ∈ N : |xn − 0|∧u ∈ Ur} = {n ∈ N :
‖en ∧ u‖ < r} for all u ∈ E+. It can be seen that µ(Kn) = 1. Thus, we
have en
st−uτ−−−→ 0.
Remark 1.4. The statistically τ -convergence implies statistically un-
bounded τ -convergence. Indeed, for arbitrary zero neighborhood U and
fixed u ∈ E+, by applying the formula |xk − x| ∧ u ≤ |xk − x|, we can
4see that |xk−x|∧u /∈ U implies |xk−x| /∈ U . Otherwise, it contradicts
with being solid of U . Hence, {k ≤ n : (|xk − x| ∧ u) /∈ U} ⊆ {k ≤
n : (xk − x) /∈ U} holds for all u ∈ E+. It means that st-τ -convergence
implies st-uτ -convergence
For the converse of Remark 1.4, we give Theorem 2.6 in the next
section.
2. Main Results
The lattice operations are uniformly continuous in locally solid vector
lattice; see for example [1, Thm.2.17.]. Similarly, the lattice operations
are continuous in the following sense.
Theorem 2.1. Let (xn) and (yn) be two sequences in a locally solid
vector lattice (E, τ). If xn
st−uτ−−−→ x and yn
st−uτ−−−→ y then (xn∨yn)
st−uτ−−−→
x ∨ y.
Proof. Let U be an arbitrary zero neighborhood in E. Thus, there is
another zero neighborhood V in N such that V +V ⊆ U . Consider the
set Kyn = {n ∈ N : |yn−y|∧u ∈ V } and Kxn = {n ∈ N : |xn−x|∧u ∈
V } for every u ∈ E+. Then Kxn = Kyn = 1 because of xn
st−uτ−−−→ x and
yn
st−uτ−−−→ y.
On the other hand, by applying [2, Thm.1.9.(2)], i.e., |a∨b−b∨c| ≤
|a− c| for any vectors in a vector lattice, we can get
|xn ∨ yn − x ∨ y| ∧ u = |xn ∨ yn − yn ∨ x+ yn ∨ x− x ∨ y| ∧ u
≤ |xn ∨ yn − yn ∨ x| ∧ u+ |yn ∨ x− x ∨ y| ∧ u
≤ |xn − x| ∧ u+ |yn − y| ∧ u
for all u ∈ E+. So, we have |xn∨ yn−x∨ y| ∧u ∈ U for all u ∈ E+ and
for each n ∈ N because of |xn−x|∧u+ |yn−y|∧u ∈ V +V ⊆ U . Thus,
we have µ
(
{n ∈ N : |xn ∨ yn − x ∨ y| ∧ u ∈ U}
)
= 1 for all u ∈ E+.
That is, we get (xn ∨ yn)
st−uτ−−−→ x ∨ y. 
By using the st-uτ -convergence, we can define the st-uτ -closed sub-
set.
Definition 2.2. Let (E, τ) be a locally solid vector lattice and A be
a subset of E. Then, A is called st-uτ -closed subset in E if, for any
sequence (an) in A which is st-uτ -convergent to a ∈ E, it holds a ∈ A.
Proposition 2.3. The positive cone E+ = {x ∈ E : 0 ≤ x} of a locally
solid Riesz space (E, τ) is st-uτ -closed.
5Proof. Assume (xn) is a sequence in E+ such that it st-uτ -converges
x ∈ E. By applying Theorem 2.1, x+n = xn ∨ 0
st−uτ−−−→ x ∨ 0 = x+ ≥ 0.
Thus, we get x ∈ E+. 
We continue with several basic results which are motivated by their
analogies from vector lattice theory.
Theorem 2.4. Let xn
st−uτ−−−→ x and yn
st−uτ−−−→ y in a locally solid Riesz
space. Then we have the following facts:
(i) xn
st−uτ−−−→ x iff (xn − x)
st−uτ−−−→ 0 iff |xn − x|
st−uτ−−−→ 0;
(ii) rxn + syn
st−uτ−−−→ rx+ sy for any r, s ∈ R;
(iii) if xn ≥ yn for all n ∈ N then x ≥ y;
(iv) xnk
st−uτ−−−→ x for any subsequence (xnk) of xn;
(v) |xn|
st−uτ−−−→ |x|;
(vi) if τ Hausdroff topology, xn
st−uτ−−−→ x and xn
st−uτ−−−→ y then x = y.
Proof. The (i) comes directly from the definition of the st-uτ -convergence.
(ii) Firstly, we show that rxn
st−uτ−−−→ rx for every r ∈ R. Let U
be an arbitrary zero neighborhood and r be a real number. Thus, we
have µ
(
{n ∈ N : |xn − x| ∧ u ∈ U}
)
= 1 for all u ∈ E+. If |r| ≤ 1
then, by applying the properties of N , we can get |r|(|yn − y| ∧ u) =
|rxn − rx| ∧ (|r|u) ≤ |xn − x| ∧ u ∈ U . In special, if we take u as |r|u
then |rxn−rx|∧u ∈ U . So, we get µ
(
{n ∈ N : |rxn−rx|∧u ∈ U}
)
= 1
for all |r| ≤ 1 and every u ∈ E+ because of {n ∈ N : |xn − x| ∧ u ∈
U} ⊆ {n ∈ N : |rxn − rx| ∧ u ∈ U} for each zero neighborhood U . It
means that rxn
st−uτ−−−→ rx holds for each |r| ≤ 1.
Next, for |r| > 1, it follows from the third property of N that there
is another V ∈ N such that {V + V + · · · + V }k ⊆ U , where k is
the smallest integer greater or equal r. Then, by the inequality |rxn −
rx| ∧ u = (|r||xn − x|) ∧ u ≤ (|k||xn − x|) ∧ u = |kxn − kx| ∧ u ∈
{V + V + · · · + V }k ⊆ U , we can get that |rxn − rx| ∧ u ∈ U for
each u ∈ E+ and for all n ∈ N because U is a solid subset. Therefore,
we get µ
(
{n ∈ N : |rxn − rx| ∧ u ∈ U}
)
= 1 for each u ∈ E+, i.e.,
rxn
st−uτ−−−→ rx.
Now, we show xn + yn
st−uτ−−−→ x + y. Take U an arbitrary zero
neighborhood. By applying the properties of N , there exists another
V ∈ N with V + V ⊆ U . Since xn
st−uτ−−−→ x and yn
st−uτ−−−→ y, we have
µ
(
{n ∈ N : |xn − x| ∧ u ∈ U}
)
= 1 and µ
(
{n ∈ N : |yn − y| ∧ u ∈
U}
)
= 1 for all u ∈ E+. By the formula |(xn + yn) − (x + y)| ∧ u ≤
|(xn − x)| ∧ u + |(yn + y)| ∧ u ∈ V + V ⊆ U for every u ∈ E+. So,
we get µ
(
{n ∈ N : |(xn + yn) − (x + y)| ∧ u ∈ U}
)
= 1. That is,
6xn + yn
st−uτ−−−→ x+ y.
(iii) Suppose that yn ≤ xn holds for all n ∈ N. Then we can get
0 ≤ xn − yn ∈ E+ for each n ∈ N. By using (i) and applying Proposi-
tion 2.3, we have xn− yn
st−uτ−−−→ x− y ∈ E+ because of (xn− yn) ∈ E+.
Thus, we get x− y ≥ 0, i.e., x ≥ y.
(iv) For arbitrary zero neighborhood U , it follows from {k ∈ N :
|xnk − x| ∧ u /∈ U} ⊆ {n ∈ N : |xn − x| ∧ u /∈ U} for all u ∈ E+ and
xn
st−uτ−−−→ x that µ
(
{k ∈ N : |xnk − x| ∧ u /∈ U}
)
= 0 for every u ∈ E+
i.e., xnk
st−uτ−−−→ x holds.
(v) By applying the formula |x| = x ∨ (−x), and by using (i) and
Theorem 2.1, one can get the desired result.
(vi) Let U be a zero neighborhood. TakeKn = {n ∈ N : |xn−x|∧u ∈
U} and Ln = {n ∈ N : |xn − y| ∧ u ∈ U} for u ∈ E+. Since xn
st−uτ−−−→ x
and xn
st−uτ−−−→ y, we have µ(Kn) = µ(Ln) = 1. On another hand,
by applying the properties of N , there is another V ∈ N such that
V + V ⊆ U . Consider the inequality |x − y| ∧ u ≤ |x − xn| ∧ u +
|xn − y| ∧ u ∈ V + V ⊆ U for all u ∈ E+ and for each n ∈ N. Thus,
for arbitrary zero neighborhood U , we have |x − y| ∧ u ∈ U for every
u ∈ E+. But, since E is a Hausdorff space, the intersection of all zero
neighborhood is the singleton 0. That is, |x−y| ∧u = 0 for all u ∈ E+,
and so, we get x = y. 
The following proposition is an st-uτ -version of [5, Lem.2.5.(ii)] and
[4, Thm.2.8.].
Proposition 2.5. Any monotone st-uτ -convergent sequence in a lo-
cally solid vector lattice order converges to its st-uτ -limit.
Proof. It is enough to show that if a sequence (xn) ↑ in a locally solid
vector lattice (E, τ) and xn
st−uτ−−−→ x then xn ↑ x. Let’s fix arbitrary
n ∈ N. Then xm−xn ∈ E+ for every m ≥ n. By using Proposition 2.3
and Theorem 2.4(i), we get xm − xn
st−uτ−−−→ x − xn ∈ E+ as m → ∞.
Therefore, x ≥ xn for any n. Thus, since n is arbitrary, x is an upper
bound of (xn). Assume y is another upper bound of (xn), i.e., y ≥ xn
for all n ∈ N. Then, again by Proposition 2.3, we have y − xn
st−uτ−−−→
y − x ∈ E+, or y ≥ x. Thus, we get the desired result xn ↑ x. 
7In Remark 1.4, we show that the statistically τ -convergence implies
statistically unbounded τ -convergence. For the converse, we give the
following theorem.
Theorem 2.6. Let (xn) be a monotone sequence in a locally solid Riesz
space (E, τ). Then the statistically unbounded τ -convergence of (xn)
implies the statistically τ -convergence of it.
Proof. Without loss of generality, we may assume that (xn) positive and
increasing sequence in E+. It follows from Proposition 2.5 that xn ↑ x
for some x ∈ E because of xn
st−uτ−−−→ x. Hence, we have 0 ≤ x− xn ≤ x
for all n ∈ N. On the other hand, for each u ∈ E+ and for any arbitrary
zero neighborhood U , we have
µ
(
{n ∈ N : |xn − x| ∧ u ∈ U}
)
= 1.
In particular, for u = x, we obtain that
{n ∈ N : |xn − x| ∧ u ∈ U} = {n ∈ N : (x− xn) ∈ U}. (2)
Thus, we get µ
(
{n ∈ N : (x − xn) ∈ U}
)
= 1 from (2), i.e., (xn)
statistically τ -converges to x. 
Recall that a band B in a vector lattice E is called a projection band
whenever it satisfies E = B ⊕ Bd, where Bd = {x ∈ E : |x| ∧ |b| =
0, for all b ∈ B} is disjoint complement set of B.
Proposition 2.7. Let (E, τ) be a locally solid Riesz space and B be a
projection band of E. If xn
st−uτ−−−→ x in E then PB(xn)
st−uτ−−−→ PB(x) in
both E and B, where PB is the corresponding order projection of B.
Proof. Let U be an arbitrary zero neighborhood. Then we have µ
(
{n ∈
N : (|xn − x| ∧ u) ∈ U}
)
= 1 because of xn
st−uτ−−−→ x. It is known that
every order projection is an order continuous lattice homomorphism;
see [2, p.94]. Thus, PB is a lattice homomorphism and 0 ≤ PB ≤
I; see [2, Thm.1.44.]. Now, by applying [2, Thm.2.14.], we can get
|PB(xn)−PB(x)|∧u = PB(|xn−x|)∧u ≤ |xα−x|∧u for every u ∈ E+.
Then it follows easily from µ
(
{n ∈ N : (|PB(xn)−PB(x)|∧u) ∈ U}
)
= 1
that PB(xα)
st−uτ−−−→ PB(x) in E and B. 
We continue with several basic notions in locally solid vector lat-
tice concerning the st-uτ -convergence, which are motivated by their
analogies from vector lattice theory.
Definition 2.8. Let (E, τ) be a locally solid vector lattice. Then
8(1) a sequence (xn) in E is said to be st-uτ -Cauchy if the sequence
(xm − xn)(m,n)∈N×N st-uτ -converges to zero, i.e., for each zero
neighborhood U , µ
(
{n ∈ N : (|xm − xn| ∧ u) /∈ U}
)
= 0 for all
u ∈ E+;
(2) E is called order st-uτ -continuous if xn
o
−→ 0 implies xn
st−uτ−−−→ 0;
(3) E is called st-uτ -complete if every st-uτ -Cauchy sequence in E
is st-uτ -convergent.
The next proposition follows from the basic definitions and results,
so its proof is omitted.
Proposition 2.9. If a sequence (xn) in a locally solid Riesz space
(E, τ) is statistically uτ -convergent then it is statistically uτ -Cauchy.
Theorem 2.10. Let (E, τ) be a locally solid vector lattice and (xn) be
a sequence in E. Then E is order st-uτ -continuous iff xn ↓ 0 implies
xn
st−uτ−−−→ 0 in E.
Proof. The implication is obvious, so we show the converse direction.
Suppose xn ↓ 0 implies xn
st−uτ−−−→ 0 in E. Take xn
o
−→ 0 in E. We
show xn
st−uτ−−−→ 0. By the order convergence of (xn), there is another
sequence (zn) ↓ 0 in E such that, for each n, there exists nk ∈ N so
that |xn| ≤ zn for all n ≥ nk. Thus, we have zn
st−uτ−−−→ 0 because
of zn ↓ 0. Therefore, for arbitrary zero neighborhood U , we have
µ
(
{n ∈ N : (|zn| ∧ u) ∈ U}
)
= 1 for all u ∈ E+. Since U is solid and
|xn| ≤ zn for all n ≥ nk, we have (|xn| ∧ u) ∈ U for every n ≥ nk and
u ∈ E+. As a result, µ
(
{n ∈ N : (|xn| ∧ u) ∈ U}
)
= 1 for arbitrary U
and for all u ∈ E+. 
In the case of st-uτ -complete locally solid vector lattice, we have the
following result.
Theorem 2.11. For an st-uτ -complete locally solid vector lattice (E, τ),
the following statements are equivalent:
(i) E is order st-uτ -continuous;
(ii) if 0 ≤ xn ↑≤ x holds in E then (xn) is an st-uτ -Cauchy se-
quence;
(iii) xn ↓ 0 in E implies xn
st−uτ−−−→ 0.
Proof. (i) ⇒ (ii): Let (xn) be a positive increasing sequence in E+.
Then, by using [2, Lem.4.8.], we have another sequence E such that
(yk − xn)(k,n)∈N×N ↓ 0. Thus, it follow from assumption that we have
(yk − xn)(k,n)∈N×N
st−uτ−−−→ 0. Then, for any zero neighborhood U , we
have µ
(
{n ∈ N : (|yk− xn| ∧ u) ∈ U}
)
= 1 for all u ∈ E+ and for every
9k, n ∈ N. By properties of N , there is another zero neighborhood V
such that V + V ⊆ U . So, by using the inequality |xn − xm| ∧ u ≤
|xn−yk|∧u+ |yk−xm|∧u ∈ V +V ⊆ U , we have |xn−xm|∧u ∈ U . As
a result, we get µ
(
{n ∈ N : (|xn − xm| ∧ u) ∈ U}
)
= 1 for all u ∈ E+.
It means that (xn) is an st-uτ -Cauchy sequence.
(ii) ⇒ (iii): Assume that xn ↓ 0 is a sequence in E. Let’s fix an
arbitrary index n0. Then, we have xn ≤ xn0 whenever n ≥ n0. So,
we get 0 ≤ (xn0 − xn)n≥n0 ↑≤ xn0 . Thus, we can apply the condition
(ii), and so the sequence (xn0 − xn)n≥n0 is st-uτ -Cauchy, i.e., (xn −
xn′)(n,n′)∈N×N
st−uτ−−−→ 0 as n0 ≤ n, n′ → ∞. Now, it follows from the
st-uτ -completeness of E that there exists an element x ∈ E such that
xn
st−uτ−−−→ x as n0 ≤ n → ∞. By Proposition 2.5, we have xα ↓ x, and
so it is clear x = 0. As a result, we get xn
st−uτ−−−→ 0.
(iii)⇒ (i): It is just the implication of Theorem 2.10. 
Theorem 2.12. Let (E, τ) be an st-uτ -continuous and st-uτ -complete
locally solid vector lattice. Then E is order complete.
Proof. Let (xn) be a positive, increasing and bounded sequence by a
vector e ∈ E+. Then by applying Theorem 2.11(ii), we see that (xn) is
an st-uτ -Cauchy sequence. Then there is x ∈ E such that xn
st−uτ−−−→ x
because E is st-uτ -complete. It follows from Proposition 2.5 that xn ↑
x, and so E is order complete. 
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